In this article, we investigate the dynamical behavior of breathers in optoelectronic oscillators from the standpoint of mixed-mode oscillations. In the phase space, these breathers are composite oscillations that are damped to the attractive branches of an invariant manifold. Our study shows that the emergence of breather dynamics is linked to the apparition of inflection points in the phase space, and we develop an analytical framework based on the Liénard reduction form in order to provide an analytical insight into this phenomenology. Our theoretical results are in excellent agreement with experimental measurements.
I. INTRODUCTION
The optoelectronic oscillator (OEO) is one of the most practical representations of an Ikeda system [1] , described by a delay-differential equation (DDE) . It consists of a closed-loop oscillator characterized by an optical path with local nonlinearity and a linear frequency-filtered electrical path. This paradigmatic system is an ideal benchmark for the investigation of delay-based infinite-dimensional systems, which provide a higher complexity than low-dimensional nonlinear systems ruled by ordinary differential equations (see Ref. [2] and references therein). The OEO mainly finds its numerous applications in two distinct and complementary configurations. In the first one, a narrowband filter is inserted inside the electrical path. In this case, the OEO can be modeled using a complex-valued slowly varying envelope equation: the output signal generally has a single frequency and the main technological application is ultrastable microwave generation [3] [4] [5] [6] . In the second configuration, the electrical path is subject to a broadband filter and yields high-dimensional hyperchaos when the feedback gain is large enough. Here the main technological applications are optical communications and information processing [7] [8] [9] [10] [11] [12] [13] [14] .
The latter case is the one with the most diverse set of complex behaviors. It has for example been shown that, before the state of fully developed hyperchaos, a hybrid state displaying the features of slow-fast dynamics can emerge as the gain is increased beyond the first Hopf bifurcation [7] . These time-domain structures, which are referred to as breathers, can be either periodic or chaotic [7] . These breathers are the result of an interaction between a slow variable and a fast other variable. Generally, they appear in one or two successive regular packages that are alternated (up and down).
However, the question of the mechanism leading to the emergence of breathers has still not been fully addressed, despite some noticeable advances [7, 8] . Generally, slow-fast dynamical systems can exhibit bursting oscillations [15] [16] [17] [18] [19] [20] or deterministic mixed-mode oscillations (MMOs) if they are at least three-dimensional [21] [22] [23] , or two-dimensional with noise [24] . MMOs can therefore be considered as trajectories of a dynamical system in which there are alternated oscillations of distinct large and small amplitudes (see Ref. [25] and references therein).
It is remarkable that, by definition, breathers have a structure that is very similar to that of MMOs. For instance, the particular model of chemical reactor reported by Koper [26] displays a time evolution that is very similar to that of breathers. Noticeably, in the time domain, the fast variable has almost two plateaus, one on the top and the second on the bottom. Both plateaus present smallamplitude oscillations (SAOs) that are followed by a largeamplitude oscillation (LAO), thereby generating an alternated sequence [25] .
From a dynamical point of view, MMOs arise in systems where there are slow and fast variables, and their phase portrait is characterized by canard cycles [27] . Desroches and Jeffrey [27] investigated the boundary of the singular perturbation parameter that favors the presence of canard explosion in slow-fast dynamical systems. They used the geometric singular perturbation theory (also known as Fenichel's theory [28] ) to predict the appearance of inflection points that emerge in the repulsive domain of the invariant critical manifold. The reader can for example refer to Refs. [25, 27] to gain more insight on theory of MMOs, which are observed in many systems [29] , such as chemical reactions [30] , biological systems [31, 32] , and electrical circuits [33, 34] .
In this article, we use the theory of MMOs to achieve a deeper understanding of the dynamics of breathers in an OEO. The paper is organized as follows. In Sec. II, we present the slow-fast dynamical model of an OEO. Section III presents the MMOs signature of an OEO. Section IV is devoted to the study of the symmetry properties of the breathers. The last section concludes the article. 
II. THE SYSTEM
The system under study is presented in Fig. 1 . It generally consists of a Mach-Zehnder (MZ) modulator characterized by radio-frequency (rf) and direct-current (dc) half-wave voltages, V rf and V dc , respectively. This modulator is seeded optically by a continuous-wave (cw) semiconductor laser of power P and biased electrically with a constant voltage V B on the dc electrode. The light at the exit of the modulator passes through an optical delay line of delay T D , and the light intensity is later on converted into electrical current by a photodiode with conversion factor S. The electric signal is then filtered by an electronic filter in which the low-and high-cutoff frequencies are f L and f H , respectively. The loop is closed by returning the filtered voltage V (t) back into the modulator via the rf electrode, after amplification with overall gain G.
The dynamics of this OEO can be modeled by the following delay integro-differential equation:
where where ε = τ/θ is the frequency cutoff ratio, ν = T D /θ is the normalized delay, and
Written in the form of Eqs. (2) and (3), the OEO has the structure of a slow-fast dynamical system with the singular perturbation parameter ε < 1, one fast variable x involving the fast time scale ζ /ε, and one slow variable y involving the slow time scale ζ . In the case of a large bandwidth filter, τ and θ are several orders of magnitude apart, so that we actually have ε 1. It is already known that the OEO displays breathers in this configuration [7] . Breathers generally arise when sin 2φ is negative, and they are of two kinds: nonalternated and alternated. Nonalternated breathers are a repetition of one LAO and s 1 SAOs that arise in a repetitive way. Alternated breathers are characterized by k 1 and s 1 SAOs appearing separately on the top and the bottom plateaus, respectively; each group of SAOs is preceded by one large transition. Alternated breathers are plotted in Fig. 2 after simulating Eqs. (2) and (3). The variable x performs k damped oscillations on the top and s damped oscillations on the bottom. In general, the number of oscillations on the top is not always equal to the number of oscillations on the bottom. For example, in the case of Fig. 2 , k 11 while s 7. During these oscillations, the variable y displays a slow relaxation evolution. More explanations about this phenomenon are given in the next section.
We also depict in Fig. 3(h) (λ = 0.0166) . For the sake of the clarity of the figures and the phenomenology that we want to highlight in this article, the parameters ε and ν hereafter keep the values used in Fig. 2 .
The set of Eqs. (2) and (3) can be rewritten under the following general form:
and alternatively, it can also be written in the form of
if the dimensionless time is rather defined as ξ = t/τ = ζ /ε, while the dimensionless delay is redefined as μ = T D /τ . The functions f and g are, respectively, defined as f = x − β{cos 2 [x ν + φ] − cos 2 φ} and g = −x in our present case.
The first form [set of Eqs. (4) and (5)] is generally referred to as the slow subsystem (or the reduced system), while the second form [set of Eqs. (6) and (7)] is the fast subsystem (also known as the layer problem). These two subsystems are able to give insight into the full dynamics of the system in the limit of small ε as we will see later.
If we cancel the delay, i.e., x ν → x in the above sets of equations, one obtains for each pair the so-called Liénard system [35] . Recent studies on the Liénard equation have revealed the existence of critical values of ε for the appearance of canard cycles [27] . Despite the fact that Liénard forms are of course more complex in DDEs than in ordinary differential equations (ODEs), we will see that the theories developed for the case of low-dimensional systems are still useful to understand the phenomenology observed in high-dimensional delayed systems.
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III. CRITICAL MANIFOLD AND PHASE SPACE OF THE OEO EQUATION
According to singular perturbation theory, the critical manifold is the curve in the (x,y) plane defined in the limit of ε → 0. In other terms, following Eqs. (4) and (5), this manifold is explicitly defined as
The variables x and x ν are two variables that bring out the same information but at two different times, ζ and ζ − ν.
Investigating the dynamics of the system in an infinitedimensional phase space is a very complicated task: Here, we show that the key manifolds obtained in the limit ν → 0 (null delay) still provide an insightful perspective into the mechanisms leading to the emergence of breathers when ν = 0. In the limit ν → 0, the critical (or Liénard) manifold is explicitly defined as
where the subscript L stands for Liénard. The fold points of this critical manifold as defined in Ref. [27] are solutions of the equation
Restricting the study in the range of x ∈] − π/2,π/2[, there exist two fold points, namely:
The middle point between x 1 and x 2 is given by x 0 = −π/4 − φ. It should also be noted that x 1 and x 2 only exist for β > 1: Hence, we conclude that df/dx < 0 if x ∈]x 1 ,x 2 [, and df/dx > 0 outside of this interval. Therefore, based on the definition of attractive and repulsive branches given in Refs. [25, 27] , the Liénard critical manifold S L has one repulsive branch located within x 1 and x 2 , that is,
while two attractive branches exist beyond x 1 and x 2 following
The points x 1 and x 2 are marked by large dots in the figure. These repulsive and attractive branches are represented in Fig. 4 . In the general case, it should be noted that the critical manifold is a function of the bifurcation parameter β, as well as of the delay. This situation makes the OEO more complex than other usual systems that exhibit MMOs such as the Van der Pol oscillator, as reported in Ref. [25] . In addition, the S-shaped critical manifold shows the possibility of a return mechanism in the nullcline which is favorable for the creation of canard cycles in OEOs. (4) and (5), when considering the delay (black curve) and in the absence of the delay (x ν → x, light gray). In fact for low values of β, starting from an initial condition away from the critical manifold, the OEO is quickly (almost horizontally) pushed towards the attractive branch of the critical manifold S a L . The dynamics is then dominated by the fast subsystem at this stage. By the time the trajectory passes close to an ε neighborhood of S a L , the slow dynamics becomes dominant. The orbit now evolves slowly along the attractive branch until it reaches a first fold point; hence it reenters into the fast transition and jumps to the other attractive branch. Once on that branch, the slow motion along the branch occurs until the trajectory reaches the second fold point. Later on, it is reinjected to the first S a L and the cycle starts again. This corresponds to a canard cycle, as illustrated by the Liénard form. When β becomes large (enough to generate breathers), a difference occurs at the moment the orbit reaches an ε neighborhood of the attractive branch (see Fig. 5 ). The amplitudes of oscillation become larger, and the slow motion along the attractive branches is first dominated by the damping behavior towards these branches. In this way, the orbit accomplishes k damping SAO before decaying down to S a L . Once these oscillations are damped, the system moves slowly along S a L until it meets the fold point of the branch (domination of the slow subsystem) where it is subjected to the effect of fast dynamics. The orbit is suddenly projected towards another attractive branch where it behaves like on the previous attractive branch; however, it rather accomplishes s damping SAO in this case. It is also noteworthy that S L is still a good approximation of S, and no damping oscillation is observed with the phase space from the Liénard form (see Fig. 5 ).
IV. SYMMETRY OF BREATHERS
The symmetry of breathers depends on the offset phase operating point φ. According to the value of φ, oscillations can be more important on one attractive branch than another. Symmetric oscillations are observed only when the middle point x 0 = 0, which corresponds to φ = −π/4. In that case, s = k as can be seen in Fig. 6(a) . This assertion is identical to the condition of symmetry observed for the square-wave oscillation in the same system [14] .
When φ moves away from −π/4, the shift has a significant influence for the number of oscillations in the attractive branches. In fact as x 0 moves towards the left (this corresponds to φ moving from −π/4 to the upper boundary 0), the fold points x 1 and x 2 decrease in absolute value. The fixed point x 1 progressively comes closer to zero, whereas x 2 moves away from zero. When x 1 coincides with the origin, β and φ satisfy the condition β sin(−2φ) = 1, which is a good approximation of the critical value around which the oscillations arise through a Hopf bifurcation [7, 36] .
Hence, when x 1 moves to zero, it dynamically means that one fold point (x 1 in this case) is approaching the trivial fixed point of the system. The result is that more damping oscillations will appear in the attractive branch connected to x 1 [see Fig. 6(b) ]. From that value of φ, any increase immediately leads the system to the fixed point [see Fig. 6(c) ]. On the contrary, if φ decreases from −π/4 to the lower boundary −π/2, it is now x 2 that approaches the origin [note that at the origin, x 2 = 0 also corresponds to β sin(−2φ) = 1]: In this case, SAO are now mainly localized on the bottom as shown in Fig. 6(d) .
The frontiers corresponding to x 1 = 0 and x 2 = 0 are plotted in Fig. 6 , and therefore three domains are created: The domains 1 and 2 correspond to oscillations mainly located on the bottom and the top, respectively, while the domain 3 represents the trivial fixed point. The domains 1 and 2 are separated by the point φ = −π/4 (the vertical dark gray line).
V. CONCLUSION
In this work, we have proposed an analytical framework for the study of the dynamics of breathers in slow-fast optoelectronic systems. We have demonstrated that the dynamics of these breathers consists of oscillations on attractive branches of a critical manifold. These oscillations are connected one to another by a fast transition that characterizes the repulsive branch of the critical manifold. Using an appropriate Liénard form of the model, we have analyzed the mechanisms leading to the emergence of these breathers in the phase space. We have shown that the bifurcation diagram of an OEO is subdivided into several areas, including the stability basin of the trivial fixed points, canard limit-cycles, breathers which build up with an increase of the number of inner damping oscillations, and finally hyperchaos. Another major conclusion of this work is that delayed systems can also be investigated within the framework of mixed-mode oscillations, and future work will focus on the investigation of other architectures, such as multiple-delay systems.
